Introduction.
Let p be a prime number. Let & be a field of characteristic different from p and containing the p-th roots of unity. Let Gi be a finite group. Let Lj k be a finite normal extension with Galois group GJ and let c be a 2-cocycle on G* with coefficients in Z jp~L, where G> acts trivially on Z / pZ. By Emb(L/ /c, c) we denote the question of the existence of a finite normal extension M of k, such that M contains L, such that [M: L] = p, and such that, denoting by GS i the Galois group of MI k, the extension 1->Z//?Z ->©i ->@ -• 1 is given by the class of c.
Therefore we are confronted with the problem of expressing explicitly in terms of the structure of L/ k the condition for c to split when perceived as a 2-cocycle in Z 2 ($, L x ) (see the introductory remarks in "The reductive method" below). This problem has been solved in [3] in the case that GS is an elementary abelian/?-group. If 31 is a normal subgroup of G*, K is the fixed field of 31 and res c is the restriction of c to 31, then assuming that the question Emb(L/ K, res c) has an affirmative answer we shall present an explicit method of reducing the question Emb(L/ k, c) to a question about the structure of a solution to Emb(L/ K, res c), of Kj k and of the extension, ©, of 31 by & / 31. Here the word "explicit" is to be interpreted in the following manner: If the fact that H l (3l ,L X ) = 0 were proved constructively then the reduction could be performed constructively.
If & is a finite group, k is a field and Lj k is finite normal extension with Galois group &, then for brevity we shall refer to Lj k as a GJ -extension.
As an application of the method, we shall give explicit information about the structure of $ -extensions of k when k is a field of characteristic different from 2 and & is cyclic of order 8, dihedral of order 8 or 16, quaternion of order 8 or 16 or quasi-dihedral of order 16. These groups will denoted by Z / 8Z, D4, Dz,Qz, gi6 and QD% respectively.
In [1] the problem of the existence of certain embeddings of quadratic extensions into dihedral-or quaternion-extensions is solved in the case that k is an algebraic number field. However, the methods used in [1] do not work in the general case. Let us furthermore note that the general central embedding problem has been solved in [5] in the case where © is a p-group and k has characteristic p. 
The Reductive
with Galois action. Using this diagram and some easy computations we can derive: 
where res w restriction to 9?. 77zws f/iere emta a function f\ 9? -
Let © = Uxe®/^ G(X)SÎ be a coset decomposition and let N(, ) be the corresponding factor system, that is,
Then the following assertions hold: (2) With X and 7 ranging over © /9Î the expression defines an element of Z 2 (© / 31, # x ).
, where s is the element given in (2).
we have for elements G\, G 2 G © with classes X resp. y in © 131 that
. Then M is a © -module with © acting by
x then the embedding of this element in L x is m{E). As M is co-induced we have //'(©, M) = 0 for / > 1.
By the inflation-and restriction-maps we get the following commutative diagram with exact rows:
Here the maps 8\, 8 2 and £3 are connecting homomorphisms derived from the exact sequence
and it is well known or easily seen that these maps are isomorphisms. A remark about £1 is appropriate: For G, G\, G2 G © we have
and this shows that 77' is a 1-cocycle. Obviously, 82^ -c. 
Define ((X) = £(X)%> for X 6 &/31; then £,£' is represented by the 2-cocycle j = ^,< e Z 2 (@/ 9Î,K x ). Explicitly we get for
Now we have proved the assertions (1), (2) , (3) and (4), since (4) is obvious. Finally we get c=^=<(in flC )(-y. Now, 6 2 (infl C ) = infl(£iC ) = infl(j) and for X G © / 31 and TV G 31 we have
Q. E. D.
REMARK. The assumption that c(E, G) = c(G, E) -1 in the formulation of Theorem 1 is not necessary and is made only for practical reasons.
Theorem 1 and the remarks preceding it clearly provide us with a "reductive" method of the required type for Emb(L/ k, c).
As an immediate consequence of Theorem 1 we have the following elementary theorem about cyclic p-extensions. Let f(C pi ) = e l for i = 0,... ,p n~l -1. Then we see that
Using the notation of Theorem 1 we get Q^« = 1, a-^ -1, and for 0<w,v</?-l,
So, s is a 2-coboundary if and only if e is a norm from AT/ &. Q. E. D.
2-Extensions.
In what follows, k denotes a field of characteristic different from 2.
Suppose that a G k x \ (k The next theorem classifies the (Z/8Z)-extensions of k.
, where u,v ek. PutO = a + u^/a. We distinguish the following two cases:
1° -a is a square in k. In this case we shall assume that a = -1. 
2° -a is not a square in k.

(2) k{yfa)J k can be embedded in a(Z/SZ )-extension ofk if and only if the equation
In case 1 ° this condition is satisfied. k can be embedded in a (Z/8Z)-extension of k. Then we perform some preliminary computations concerning the structure of such a (Z/8Z)-extension. In this process the theorem will be proved completely for the case 1°. In (b) we finish the proof of the theorem for the case 2°. The restriction of c to 9? is a 2-coboundary in
) if and only if qO is a sum of two squares in k(^/a). In case 1° this condition is satisfied.
Let us assume that if we are in case 2° then
With the notation from Theorem 1 we put Hereby we have proved the theorem for the case 1° and for the rest of the proof we shall assume that case 2° prevails.
We compute
We may put and we see that the conclusion is still true (since (a, -1) = 1).
Hereby (1) Q. E. D.
REMARK. We have (a, fr)(aib, -1) = (-a, -b)(-1, -1), and from the theory of quadratic forms it follows that (a, b)(ab, -1 ) = 1 if and only if the quadratic forms (ab)~~xX
2 + aY 2 + bZ 2 and X 2 + F 2 + Z 2 are equivalent over k. If this is the case it is a possible to obtain in a natural way the expressions giving xfj (5), t/> (AO and %j) (NS) by means of a transformation matrix defining the equivalence of the two quadratic forms.
In the following theorems we shall discuss construction and classification of extensions with Galois group isomorphic to the dihedral or quasi-dihedral group of order 16. Let us recall that the dihedral group of order 16, Dg, has the presentation (1) , PROOF. We divide the proof into three parts. In (a) we perform some preliminary computations and prove (1) . In (b) we prove (2) , and in (c) we finish the proof of the theorem. Finally, if q E k(y/a, \fb) the conclusion is clearly still true since in that case
W 2 = (Z(x + y) + axV) + (Zy + (x -by)V)y/a,
Hereby (1) and we have
.
Q. E. D. The investigation of QD%-extensions is completely analogous to Theorem 6. PROOF. The proof is completely analogous to the proof of Theorem 6. We have only to remark that the following changes in the proof of (a) have to be made: can be embedded in a (^-extension of Q cvclic over Q(\/6) because (7,2) = 1 and (6, -1)(2, -6) = (6, -2) = 1. We have 6 = 2 2 + l 2 + (-l) 2 and With the notation of Theorem 8, (2) + (-3508 -1507\/6 + 1470A/7 + 95vW7)(7 + \/7) 1/2 ).
